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In this work, we investigate the n-dimensional charged static black hole solutions
in the Einstein-æther theory. By taking the metric parameter k to be 1, 0, and −1, we
obtain the spherical, planar, and hyperbolic spacetimes respectively. Three choices of the
cosmological constant, Λ > 0, Λ = 0 and Λ < 0, are investigated, which correspond to
asymptotically de Sitter, flat and anti-de Sitter spacetimes. The obtained results show
the existence of the universal horizon in higher dimensional cases which may trap any
particle with arbitrarily large velocity. We analyze the horizon and the surface gravity
of 4- and 5-dimensional black holes, and the relations between the above quantities and
the electrical charge. It is shown that when the aether coefficient c13 or the charge
Q increases, the outer Killing horizon shrinks and approaches the universal horizon.
Furthermore, the surface gravity decreases and approaches zero in the limit c13 →∞ or
Q→ Qe, where Qe is the extreme charge. The main features of the horizon and surface
gravity are found to be similar to those in n = 3 case, but subtle differences are also
observed.
Keywords: Einstein-æther gravity; higher dimensional black hole; universal horizon.
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1. Introduction
As one of the cornerstones of modern physics, the principle of the invariance of the
speed of light entails Lorentz symmetry. Experimentally, superluminal particles have
not been found, which strongly indicates that Lorentz symmetry is well reserved in
the lower energy region. Nevertheless, in the developments of theoretical physics and
astrophysics, more and more models and theories require the breaking of Lorentz
invariance (LI) in the higher energy region. For example, LI breakdown has been
introduced in the context of the beta decay theory of Fermi1, noncommutative field
theories2,3 and string theories when the perturbative string vacuum is unstable4.
Furthermore, the most notorious difficulty in general relativity is related to its
quantum mechanical corrections at the Planck scale. In fact, the quantum cosmology
and the details of the very early universe, for example, the details of inflation of very
early universe, are still mostly unknown to us. As one of the possibilities, Horˇava-
Lifshitz (HL) gravity5 has been introduced as an alternative to another rather large
framework, the string theory. The price one has to pay is that, in the ultraviolet
limit, LI is violated. Besides, some models of dark matter also require the violation
of LI6.
HL gravity was proposed in 20095. In HL theory, the LI is broken, the time
derivative terms are of the second order at most, while the spatial derivative terms
are up to 6th order, and therefore the renormalizability is achieved. However, the
violation of LI only appears in the higher energy region, in the sense that the higher
order spatial derivative terms are insignificant in the lower-energy region, thus the
HL theory is not in contradiction with today’s physical experiments. Since the ad-
vent of HL gravity, the theory is plagued by some difficulties, such as strong coupling,
instability and ghost problems. So some new physical conditions, such as the detailed
balance condition and new scalar fields A and ϕ with U(1) symmetry, are introduced
to handle the above difficulties. In our recent works, we studied several versions of
HL gravity which in principle avoid all the above difficulties7,8,9,10,11,12, and it is
shown that our model of HL passes the test of Post-Newtonian experiments13,14,15.
It’s worth noting that the work6 indicate that the constant term of projectable HL
theory might be a dark matter candidate.
Recently, it is shown that the HL theory becomes an effective Einstein-æther
theory at the lower energy region16,17, and this conclusion may greatly simplify the
study of the HL gravity. Einstein-æther theory also violates the LI, where superlu-
minal particles are allowed. Therefore, these modified gravitational theories face a
question in black hole physics: Do black holes still exist in those scenarios without
LI? According to the modified gravity without LI, the killing horizon cannot be used
to define a black hole because superluminal particles inside of killing event horizon
could still travel through the surface, and therefore escape from inside the killing
horizon. So, does it mean that the singularity will be exposed? Fortunately, it has
been shown that, at least for some cases with certain symmetry, the æther vector of
Einstein-æther gravity can be constructed by introducing a khronon scalar φ which
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plays the role of time18. To be specific, the timelike scalar field φ determines the
æther vector16,17,19,20,21,22
uµ =
∂µφ√−gαβ∂αφ∂βφ. (1)
In other words, to a certain degree, φ can be used to redefine physical time. It is
further found out that Einstein-æther black holes have a universal horizon which
can trap any particle with arbitrarily high velocity23,24,25. In our recent work, we
considered the khronon scalar φ and æther vector uµ as the test field in regular
black hole spacetimes, and redefined time by φ. We show that the universal horizon
also exists for black holes of these gravitational theories26,27,29,28.
In this work, we study the static solutions of n dimensional Einstein-æther grav-
ity coupling with Maxwell field as well as evaluate the universal horizon and surface
gravity of those black holes. The primary motivation of the present work to in-
vestigate the properties of higher dimensional Einstein-æther gravity is due to its
potential application related to gauge/gravity duality. The latter provides a powerful
toolkit for exploring a strongly coupled system via the classical gravitational the-
ory residing in the bulk. Therefore, the black hole thermodynamics of the theory30
may be associated with a lower dimensional system with strong interaction, and
in particular, with broken LI. The rest of the paper is organized as follows. In
section II, we introduce the action of EInstein-æther-Maxwell theory and discuss
the spherical, planar and hyperbolic solutions in asymptotically flat and (anti-)de
Sitter spacetimes. In section III, we investigate the relations between the universal
horizon, killing horizon, surface horizon and electrical charge in asymptotically flat
spacetime. The conclusions are given in Section IV. The numerical results in asymp-
totically (anti-)de Sitter spherical, as well as anti-de Sitter planar, spacetimes are
relegated to the Appendix.
2. Charged static solutions of Einstein-æther theory
According to the Einstein-æther theory, the properties of the gravitational
field are determined by the spacetime metric gµν and æther vector u
α. In
n-dimensional spacetime, the general action of Einstein-æther-Maxwell theory
reads23,24,25,31,32,33,34,35,36,37,38,39,
S =
∫
dnx
√−g
16piGæ
(R− 2Λ + Læ − αFµνFµν), (2)
and
Læ = c1 (∇αuβ)
(∇αuβ)+ c2 (∇βuβ)2
+c3 (∇βuα)
(∇αuβ)− c4uαuβ (∇αuρ) (∇βuρ)
+λ
(
uβu
β + 1
)
, (3)
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where c1, c2, c3 and c4
a are the coupling constants in æther Lagrangian Læ, and
λ is Lagrange multiplier, so that uα satisfies the condition uβu
β + 1 = 0. In26, we
have shown that the speed of the khronon scalar is given by
c2φ =
c123
c14
, (4)
where c14 ≡ c1 + c4, c123 ≡ c1 + c2 + c3, and it implies that the most important
cases are c123 = 0 (c
2
φ = 0) and c14 = 0 (c
2
φ →∞).
According to the above action, one may obtain the gravitational field equation,
æther field equation and Maxwell equation, found in25,24.
In order to investigate the charged static black hole solutions, we consider the
ansatz of the solutions given by
ds2 = −F (r)dv2 + 2drdv + r2dΣ2n−2,
uα = δαv u
v(r) + δαr V (r)
ζα = δαv
Aα = δ
v
αA0(r) (5)
where ζα is the killing vector, and we can use the condition of uα to obtain uv =
(V +
√
G)/F with G = F + V 2. The definition of dΣ2n−2 is given by
dΣ2n−2 =


dθ2 + sin2 θdΩ2n−3 k = 1
dxidx
i k = 0
dθ2 + sinh2 θdΩ2n−3 k = −1
k = 1, 0,−1 correspondents sphere, planar and hyperboloic spacetimes respectively,
and dΩ2n−3 is the spherical metric.
In25, the exact solutions and their thermodynamics for n = 3 case was studied,
so in what follows we will focus on n ≥ 4 case. First of all, it is easy to find the
solution of the Maxwell equations:
A0(r) = Ac − Qr
3−n
n− 3 , (6)
where Ac and Q are constant of integration in Maxwell equations. However, it is
difficult to obtain the general solutions of the gravitational equation and æther
equation. So we will only discuss the cases with c14 = 0 and c123 = 0 respectively.
When c14 = 0 (c
2
φ →∞), we find the solutions are given by
F (r) = Fa(r) = k − 2Ma
rn−3
+
Q¯2
r2n−6
+
4c13B
2
r2n−4
−2Λ− ρaB
2r2−2nz
(n− 2)(n− 1) r
2
V (r) = Va(r) = 2Br
(
r1−nz − r1−n
)
(7)
aThere is a slight difference in notations from those in23,24,25, the signs before the coefficients
ci, (i = 1, 2, 3, 4) are inverted in the present work.
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where
Q¯2 =
2αQ2
(n− 3)(n− 2)
c13 = c1 + c3
ρa = 4(n− 1)[(n− 2)c13 − (n− 1)c123] (8)
and rz, Ma and B are constants. It is worth mentioning that V (rz) = 0, so u
α ∝
ζα at r = rz. It is interesting to point out that when n = 4, k = 1, the above
results reduce to Eq.(5.1) in24. We find that the spacetime is asymptotically de
Sitter as Λ > ρaB
2r2−2nz /2, asymptotically anti-de Sitter as Λ < ρaB
2r2−2nz /2, and
asymptotically flat as Λ = ρaB
2r2−2nz /2.
On the other hand, when c123 = 0 (c
2
φ = 0), it is convenient to calculate the
solutions of F (r) and G(r), and V (r) is determined by G = F + V 2. Therefore we
obtain
F (r) = Fb(r) = k + β − 2Mb
rn−3
+
Q˜2 + ρb
r2n−6
− 2Λr
2
(n− 2)(n− 1)(1 + c13)
G(r) = Gb(r) =
CG
r2n
(
r3UHr
n − rnUHr3
)2
(9)
where
Q˜2 =
2αQ2
(n− 3)(n− 2)(c13 + 1)
ρb = CG
(n− 2)c13 − (n− 3)c14
(n− 2)(1 + c13)r−2nUH
CG =
β + (β + k)c13
c13r6UH
(10)
and rUH ,Mb and β are constants. Λ > 0, < 0 and = 0 correspond to asymptotically
(anti-)de Sitter and asymptotically flat spacetimes respectively. It is noted that when
n = 4, k = 1, β = 0, the above results reduce to Eq.(5.1) in24. According to the
physical content of the universal horizon, we find that rUH is no other than the
position of the universal horizon. What’s more, refs.26,27,28 have shown that the
universal horizon should be between outer killing horizon and inner killing horizon in
charged spacetimes, and this condition requests that universal horizon must coincide
with the killing horizon at extreme black hole case, namely
F (rUH) = F
′(rUH ) = 0. (11)
Therefore, we have the relation
Mb = (k + β) r
n−3
UH −
2Λrn−1UH
(n− 3)(n− 1)(c13 + 1) . (12)
In the next section, we will investigate horizons of the above spacetimes.
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3. The universal horizon and surface gravity in asymptotically flat
spacetime
As explained before, it is understood that φ is a timelike scalar, and therefore it can
be used to redefine the physical time. The universal horizon traps any particle with
arbitrarily high velocity23,24,25,26,27,29,28, in the sense that the geodesics cannot
stretch outside of universal horizon. It implies that black hole still exists in modified
gravity with violation of Lorentz symmetry, and the Cosmic Censorship Hypothesis
is still valid. In this section, we will study the universal horizon and compare it with
the killing horizon.
According to the definition of universal horizon rUH , which satisfies
uαζ
α|r=rUH = 0 (13)
The ansatz of static spacetime gives
G′(rUH) = G(rUH ) = 0. (14)
and the surface gravity of universal horizon is26,27
κUH ≡ u
a
2
∇a
(
uλζ
λ
)∣∣∣∣
r=rUH
=
V (r)
2
√
2
√
G′′(r)
∣∣∣∣
r=rUH
. (15)
On the other hand, the killing horizon rKH satisfies ζαζ
α|r=rKH = 0, namely
F (rKH) = 0. (16)
and the surface gravity at killing horizon is
κKH ≡ F
′(r)
2
∣∣∣∣
r=rKH
. (17)
For our later convenience, we define
r0 = (2Ma)
1/(n−3). (18)
For the c14 = 0 case, we can reduce 5 constants of the model (r0, rUH , rKH ,
Q, and Λ) to 4 independent parameters (rU ≡ rUH/r0, rk ≡ rKH/r0, Q1/(n−3)/r0,
and Λr20), and therefore r0κKH and r0κUH are the functions of the above new
parameters.
Similarly, for the c123 = 0 case, we also find that the 4 constants (rUH , rKH ,
Q, and Λ) can be reduced to 3 independent parameters (rKH/rUH , Q
1/(n−3)/rUH ,
and Λr2UH), and subsequently rUHκKH and rUHκUH are the functions of above
new parameters.
In what follows, we will study asymptotically flat spherical spacetime with k = 1
and Λ = 0. The cases for asymptotically (Anti-)de Sitter spherical spacetime and
for asymptotically Anti-de Sitter planar spacetime are given in the Appendix. We
plan to study the hyperbolic (k = −1) case in the future.
For a black hole, the most important surface is the horizon, but the definition of
the horizon can be a challenge in the gravitational theory without LI. As discussed
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above, recent works40,41,42,43,44,45,46,47,48,49,50 show the universal horizon can
be used to redefine black hole even if the gravity allows the superluminal particles.
Therefore, we will apply the above conditions to investigate the universal horizon,
Killing horizon and surface gravity.
In asymptotically flat spacetime, the observer is at the infinity r → ∞. The
physics in our world requires ur to satisfy the condition uα|r→∞ ∝ ζα|r→∞, in
static spacetime it means
V (r)|r→∞ = 0 (19)
so we choose rz → ∞ for the c14 = 0 case and β = 0 for the c123 = 0 case
respectively.
We show the relations between the horizon and the surface gravity in Figs.1-5.
n = 4
rU
rk  c13 = 0
rk  c13 = 10 rk  c13 = 2
c14 = 0
0.1 0.2 0.3 0.4
Qr0
0.2
0.4
0.6
0.8
rk  c13 = 10 rk  c13 = 2rU
n = 5
rk  c13 = 0c14 = 0
0.2 0.4 0.6 0.8 Q r0
0.2
0.4
0.6
0.8
Fig. 1. The relation between rU ≡ rUH/r0, rk ≡ rKH/r0 and Q
1/(n−3)/r0 in 4 and 5 dimensional
asymptotically flat spherical spacetimes with c14 = 0, where we have chosen α = 1. The blue curves
are for the case of c13 = 0, black for c13 = 2 and, orange for c13 = 10.
In Fig.1, the three curves above rU are the outer Killing horizons rh and, the
others three represent the inner Killing horizons ri. Therefore, rh, ri and the uni-
versal horizon satisfy the relation ri ≤ rUH ≤ rh, and they coincide for the case of
the extreme black hole, as expected. Two Killing horizons are found to approach
the universal horizon as c13 increases. It implies that universal horizon would also
coincide with outer and inner Killing horizon as c13 →∞.
Fig.2 and 3 show the results of surface gravity, and we find that the surface grav-
ity becomes smaller as c13 increases. The figures indicate that the surface gravity
disappears as c13 → ∞, and this is where the three horizons coincide. The calcu-
lations are carried out at Killing and universal horizons, it is shown that κKH and
κUH vanish for the case of extreme black holes. For c13 > 0, the product r0κKH
decreases with increasing Q1/(n−3)/r0 until it vanishes at the limit of extreme black
hole. However, for c13 < 0, especially in the region where c13 → −1, r0κKH first
increases and then decrease abruptly and vanishes. We note that this feature is
found to depend on the dimension.
Similarly, for the c123 = 0 case with fixed c14, from Fig.4, we find that outer and
inner horizon approach the universal horizon as c13 increases, and it implies that
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n = 4
c13 = 10
c13 = 0
c13 = 2
c14 = 0
0.1 0.2 0.3 0.4
Qr0
0.1
0.2
0.3
0.4
r0ΚKH
n = 5
c13 = 10
c13 = 0
c13 = 2
c14 = 0
0.2 0.4 0.6 0.8 Q r0
0.2
0.4
0.6
0.8
r0ΚKH
n = 4 c13 = 10
c13 = 0
c13 = 2
c14 = 0
0.1 0.2 0.3 0.4
Qr0
0.1
0.2
0.3
0.4
r0ΚUH
n = 5
c13 = 10
c13 = 0
c13 = 2
c14 = 0
0.2 0.4 0.6 0.8 Q r0
0.2
0.4
0.6
0.8
r0ΚUH
Fig. 2. The relation between r0κKH , r0κUH and Q
1/(n−3)/r0 in 4 and 5 dimensional asymptot-
ically flat spherical spacetimes for various c13 > 0 with c14 = 0, α = 1.
c13 = -0.1
n = 4
c14 = 0
c13 = -0.975
c13 = -0.92
c13 = -0.8
c13 = -0.5
0.1 0.2 0.3 0.4
Q/r0
0.1
0.2
0.3
0.4
0.5
0.6
r0κKH
c13 = -0.1
n = 5
c14 = 0 c13 = -0.975
c13 = -0.92
c13 = -0.8
c13 = -0.5
0.2 0.4 0.6 0.8
Q /r0
0.2
0.4
0.6
0.8
1.0
1.2
r0κKH
c13 = -0.1
n = 4
c14 = 0
c13 = -0.975
c13 = -0.92
c13 = -0.8
c13 = -0.5
0.1 0.2 0.3 0.4
Q/r0
0.5
1.0
1.5
2.0
2.5
3.0
r0κUH
c13 = -0.1
c14 = 0
c13 = -0.975
c13 = -0.92
c13 = -0.5
n = 5
c13 = -0.8
0.2 0.4 0.6 0.8
Q /r0
1
2
3
4
5
6
r0κUH
Fig. 3. The relation between r0κKH , r0κUH and Q
1/(n−3)/r0 in 4 and 5 dimensional asymptot-
ically flat spherical spacetimes for various −1 < c13 < 0 with c14 = 0, α = 1.
the three horizons will coincide as c13 →∞.
The Fig.5 and 6 also show similar behavior with the surface gravity for the c14 =
0 case: the larger c13 leads to smaller κKH and κUH , and it indicates that surface
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c13 = 3
c13 = 1
c13 = 10
n = 4
c123 = 0
0.2 0.4 0.6 0.8 QrUH
0.5
1.0
1.5
rKHrUH
c13 = 1
c13 = 3 c13 = 10
n = 5 c123 = 0
0.20.40.60.81.01.2 Q rUH
0.6
0.8
1.0
1.2
rKHrUH
Fig. 4. The relation between rKH/rUH and Q
1/(n−3)/r0 in 4 and 5 dimensional asymptotically
flat spherical spacetimes with c123 = 0, where we have chosen α = 1 and c14 = 0.3. The blue
curves are for the case of c13 = 1, black for c13 = 3 and, orange for c13 = 10.
n = 4
c13 = 1
c13 = 3
c13 = 10
c123 = 0
0.2 0.4 0.6 0.8 QrUH
0.05
0.10
0.15
0.20
rUHΚKH
n = 5
c13 = 1
c13 = 3
c13 = 10
c123 = 0
0.20.40.60.81.01.2 Q rUH
0.1
0.2
0.3
0.4
0.5
rUHΚKH
n = 4c13 = 1
c13 = 3
c13 = 10
c123 = 0
0.2 0.4 0.6 0.8 QrUH
0.1
0.2
0.3
0.4
rUHΚUH
n = 5
c13 = 1
c13 = 3
c13 = 10
c123 = 0
0.20.40.60.81.01.2 Q rUH
0.2
0.4
0.6
0.8
rUHΚUH
Fig. 5. The relation between rUHκKH , rUHκUH and Q
1/(n−3)/r0 in 4 and 5 dimensional asymp-
totically flat spherical spacetimes with c123 = 0 with c13 > 0, α = 1 and c14 = 0.3.
gravities vanish as c13 → ∞. For c13 > 0, the product rUHκUH monotonically
decreases with increasing Q1/(n−3)/rUH until it vanishes at the limit of the extreme
black hole. However, for c13 < 0, particularly for the region where c13 → −1,
rUHκUH first increases slowly and then decrease rapidly. Again, this feature is found
to depend on the dimension.
In order to explicitly show the dimension dependence, for given parameters we
present in Fig.7 the results by various only the dimension n. It is found that as n
increases, the transit to the extreme black hole at the horizon becomes slightly more
gradual. For the Killing horizon, it becomes a monotonically decreasing function of
Q as n reaches 6.
The main charactersitcs of the universal and killing horizons, as well as how they
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n = 4
c123 = 0
c13 = -0.6
c13 = -0.9 c13 = -0.1
0.2 0.4 0.6 0.8
Q/rUH
0.05
0.10
0.15
0.20
rUHκKH
n = 5
c123 = 0
c13 = -0.1
c13 = -0.6
c13 = -0.9
0.2 0.4 0.6 0.8 1.0 1.2
Q /rUH
0.2
0.4
0.6
rUHκKH
n = 4
c123 = 0 c13 = -0.1
c13 = -0.6
c13 = -0.9
0.2 0.4 0.6 0.8 1.0
Q/rUH
0.5
1.0
1.5
2.0
rUHκUH
n = 5
c123 = 0
c13 = -0.1
c13 = -0.6
c13 = -0.9
0.2 0.4 0.6 0.8 1.0 1.2
Q /rUH
1
2
3
4
rUHκUH
Fig. 6. The relation between rUHκKH , rUHκUH and Q
1/(n−3)/r0 in 4 and 5 dimensional asymp-
totically flat spherical spacetimes with c123 = 0 with −1 < c13 < 0, α = 1 and c14 = 0.3.
c14 = 0n = 5
r0 = 1
n = 6
n = 4
c13 = -0.92
0.2 0.4 0.6 0.8 1.0 1.2
Q
0.5
1.0
1.5
κKH
rUH = 1
c13 = -0.9
n = 4 c123 = 0
n = 5
n = 6
c14 = 0.3
0.5 1.0 1.5 2.0 2.5
Q
0.2
0.4
0.6
0.8
1.0
1.2
κKH
c14 = 0
n = 5
r0 = 1
n = 6
n = 4
c13 = -0.92
0.2 0.4 0.6 0.8 1.0
Q
1
2
3
4
5
κUH
rUH = 1
c13 = -0.9
n = 4
c123 = 0
n = 5
n = 6
c14 = 0.3
0.5 1.0 1.5 2.0 2.5
Q
2
4
6
κUH
Fig. 7. The relation between κKH , κUH and Q for various dimensions n = 4, 5 and 6 in asymp-
totically flat spherical spacetimes.
transit to the case of the extreme black hole, are mostly found to be similar to those
in the lower dimensional cases23,24,25. The difference, if any, seems to be quantita-
tive. On the other hand, the calculated surface gravity, for some specific choice of
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parameters (for instance when c14 = 0 and c13 → −1), the dimensional dependence
of the results becomes more substantial. The difference is more observable as the
solution transits to that of the extreme black hole.
4. Conclusion
In this work, we investigated the black holes solutions of n-dimensional Einstein-
æther-Maxwell theory, and then analyzed the behavior of the killing and the uni-
versal horizons. The results of the present work can be viewed as a generalization
of previous studies23,24,25. The latter can be readily restored if one substituting
c14 = 0 in the solution shown in Eq.(7) and c123 = 0 in Eq.(9), while taking k = 1,
Λ = 0, β = 0, and rz →∞. Our study reveals that the universal horizon continues
to exist in the higher dimensional black hole spacetimes. It is found that the main
features concerning the horizon, as well as surface gravity, are mostly similar to
those in n = 3 case. Some subtle difference is observed, for instance, the transition
to extreme black hole becomes more smooth as the dimension n increases.
Our calculations further confirm that, in the higher dimensional modified gravi-
tational theory in question, the black hole solution still possesses the extreme case,
which is defined by Eq.(11). Moreover, the universal horizon coincides with the
killing horizon at such extreme condition while the surface gravities κUH and κKH
vanish. Mathematically, one has F (rUH) = G(rUH) = 0 at the extreme case, and it
requires V (rUH) = 0, so κUH = V (rUH)
√
G′′(rUH )/(2
√
2) = 0. This result implies
that the black hole’s temperature T = κ/2pi equals 0 at such extreme case. If one
can prove that “It is not possible to form a black hole with vanishing Temperature”,
(or “vanishing surface gravity is not possible to achieve”), it signifies that the Third
Law of black hole thermodynamics applies to the case of black holes with a universal
horizon. When the electrical charge Q is larger than Qe of the extreme case, one has
F > 0, and G = F + V 2 > 0, so that the universal horizon vanishes, which would
result in a Naked singularity. It is prohibited by the Cosmic Censor Conjecture56.
Moreover, in higher dimensional geometry, one can still express the metric as
gab = −uaub + sasb + gˆab (20)
where gˆab ≡ (0, 0, gii), and the spacelike unit vector sa satisfties uasa = 0 and
s2 = 1. One can use this expression to discuss the Smarr Formula and the first
law of thermodynamics in higher dimensional charged Einstein-æther black hole
spacetimes. Also, few real black holes in our universe might be absolutely stationary,
so it is essential to investigate rotational black hole solutions, and we plan to carry
out these studies in the near further.
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Appendix A. Asymptotically (Anti-)de Sitter spherical spacetime
and Anti-de Sitter planar spacetime
Appendix A.1. Asymptotically de Sitter spherical spacetime
k = 1 and Λ > 0
In asymptotically de Sitter spacetimes, the position r → ∞ is a singularity, and
nobody can stay at this point, so the condition uα|r→∞ ∝ ζα|r→∞ is not necessary.
It means that we don’t need the conditions rz →∞ for the c14 = 0 case and β = 0
for the c123 = 0 case.
In charged de Sitter spacetimes, black holes have three killing horizons: outer
killing horizon rp, inner killing horizon ri and cosmological killing horizon rC , and
the relation between the killing horizon and the universal horizon is given by ri <
rUH < rp < rC .
We show the relation between horizon and surface gravity with rz → ∞ and
β = 0 in Figs.8-11.
n = 4
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0.1 0.2 0.3 0.4
Qr0
0.5
0.6
0.7
0.8
0.9
rk  c13 = 3
rk  c13 = 1
rk  c13 = 10
rU
n = 5
rz = ¥
0.2 0.4 0.6 0.8 Q r0
0.7
0.8
0.9
Fig. 8. The relation between rKH/rUH and Q
1/(n−3)/r0 in 4 and 5 dimensional asymptotically
de Sitter spherical spacetimes with c14 = 0, where we have chosen Λ = 0.1/r20 , α = 1 and c123 = 3.
Appendix A.2. Asymptotically Anti-de Sitter spherical spacetime
k = 1 and Λ < 0
Anti-de Sitter spacetime implies negative Λ, and this spacetime plays a significant
role in the research of modern theoretical physics, owing to the correspondence be-
tween Anti-de Sitter and conformal field theory (AdS/CFT correspondence). There-
fore, it is meaningful to study the Anti-de Sitter black hole in Einstein-æther theory.
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Fig. 9. The relation between r0κKH , r0κUH and Q
1/(n−3)/r0 in 4 and 5 dimensional asymptot-
ically de Sitter spherical spacetimes with c14 = 0, where we have chosen Λ = 0.1/r20, α = 1 and
c123 = 3.
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Fig. 10. The relation between rKH/rUH and Q
1/(n−3)/rUH in 4 and 5 dimensional asymptot-
ically de Sitter spherical spacetimes with c123 = 0, where we have chosen Λ = 0.1/r20, α = 1 and
c14 = 0.3.
In asymptotically Anti-de Sitter spherical spacetimes, because of the same reason
for de Sitter case, we don’t need the conditions rz →∞ at c14 = 0 case and β = 0
for the c123 = 0 case. We show the relation between horizon and surface gravity
with rz →∞ and β = 0 in Figs.12-15.
The results for de Sitter and Anti-de Sitter spacetimes indicate that the prop-
erties of the black hole solution in those spacetimes are actually similar to those
of asymmetrically flat case. The outer and inner killing horizon merges with the
universal horizon as the black hole solution transits to the extreme case, while the
surface gravity vanishes. However, it is interesting to note that the electric charge
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Fig. 11. The relation between rUHκKH , rUHκUH and Q
1/(n−3)/rUH in 4 and 5 dimensional
asymptotically de Sitter spherical spacetimes with c123 = 0, where we have chosen Λ = 0.1/r20,
α = 1 and c14 = 0.3.
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Fig. 12. The relation between rU ≡ rUH/r0, rk ≡ rKH/r0 and Q
1/(n−3)/r0 in 4 and 5 di-
mensional asymptotically Anti-de Sitter spherical spacetimes with c14 = 0, where we have chosen
Λ = −0.1/r20 , α = 1 and c123 = 3.
of the extreme case is different as β 6= 0.
Appendix A.3. asymptotically Anti-de Sitter planar spacetime
k = 0 and Λ < 0
Another well-known black hole solution is the Anti-de Sitter planar case, and it is
very convenient to apply this spacetime to investigate holographical superconduc-
tor, which is an application of AdS/CFT Correspondence51,52,55,27,54,53. In this
section, we investigate the planar black hole of æther-Einstein theory.
In asymptotically Anti-de Sitter Planar spacetime, we show the relation between
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Fig. 13. The relation between r0κKH , r0κUH and Q
1/(n−3)/r0 in 4 and 5 dimensional asymp-
totically Anti-de Sitter spherical spacetimes with c14 = 0, where we have chosen Λ = −0.1/r20,
α = 1 and c123 = 3.
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Fig. 14. The relation between rKH/rUH and Q
1/(n−3)/rUH in 4 and 5 dimensional asymptoti-
cally Anti-de Sitter spherical spacetimes with c123 = 0, where we have chosen Λ = −0.1/r20 , α = 1
and c14 = 0.3.
the horizon and surface gravity with rz →∞ and β = 10 in Figs.16-19.
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Fig. 15. The relation between rUHκKH , rUHκUH and Q
1/(n−3)/rUH in 4 and 5 dimensional
asymptotically Anti-de Sitter spherical spacetimes with c123 = 0, where we have chosen Λ =
−0.1/r20 , α = 1 and c14 = 0.3.
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Fig. 16. The relation between rU ≡ rUH/r0, rk ≡ rKH/r0 and Q
1/(n−3)/r0 in 4 and 5 di-
mensional asymptotically Anti-de Sitter planar spacetimes with c14 = 0, where we have chosen
Λ = −0.1/r20 , α = 1 and c123 = 3.
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Fig. 17. The relation between r0κKH , r0κUH and Q
1/(n−3)/r0 in 4 and 5 dimensional asymp-
totically Anti-de Sitter planar spacetimes with c14 = 0, where we have chosen Λ = −0.1/r20 , α = 1
and c123 = 3.
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Fig. 18. The relation between rKH/rUH and Q
1/(n−3)/rUH in 4 and 5 dimensional asymptoti-
cally Anti-de Sitter planar spacetimes with c123 = 0, where we have chosen Λ = −0.1/r20, α = 1
and c14 = 0.3.
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Fig. 19. The relation between rUHκKH , rUHκUH and Q
1/(n−3)/rUH in 4 and 5 dimensional
asymptotically Anti-de Sitter planar spacetimes with c123 = 0, where we have chosen Λ = −0.1/r20,
α = 1 and c14 = 0.3.
January 11, 2019 1:32 WSPC/INSTRUCTION FILE cea˙v4
Charged Einstein-æther black holes in n-dimensional spacetime 19
References
1. J. Bhattacharyya, Ph.D. thesis, University of New Hampshire, Durham, NH,
2013.
2. Z. Guralnik, R. Jackiw, S. Pi, and A. Polychronakos, Phys. Lett. B 517 (2001)
450.
3. S. M. Carroll, J. A. Harvey, V. A. Kosteleck y, C. D. Lane and T. Okamoto,
Phys. Rev. Lett. 87 (2001) 141601.
4. M. R. Douglas and N. A. Nekrasov, Rev. Mod. Phys. 73 (2001) 977.
5. P. Horˇava, Phys. Rev. D 79 (2009) 084008.
6. S. Mukohyama, Class.Quant.Grav.27 (2010) 223101.
7. P. Horˇava and C. M. Melby-Thompson, Phys. Rev. D 82 (2010) 064027.
8. A.Wang, Int. J. Mod. Phys. D 26 (2017) 1730014, arXiv:1701.06087.
9. A. Borzou, K. Lin, and A. Wang, J. Cosmol. Astropart. Phys. 02 (2012) 025.
10. A. Borzou, K. Lin, and A. Wang, J. Cosmol. Astropart. Phys. 05 (2011) 006.
11. K. Lin, A. Wang, Q. Wu, and T. Zhu, Phys. Rev. D 84 (2011) 044051.
12. T. Zhu, Q. Wu, A. Wang, and F.-W. Shu, Phys. Rev. D 84 (2011) 101502(R).
13. K. Lin, S. Mukohyama, A. Wang, and T. Zhu, Phys. Rev. D 89 (2014) 084022.
14. K. Lin, S. Mukohyama, and A. Wang, Phys. Rev. D 86 (2012) 104024.
15. K. Lin and A. Wang, Phys. Rev. D 87 (2013) 084041.
16. D. Blas, O. Pujolas, and S. Sibiryakov, Phys. Lett. B 688 (2010) 350.
17. D. Blas, O. Pujolas, and S. Sibiryakov, J. High Energy Phys. 04 (2011) 018.
18. K. Yagi, D. Blas, E. Barausse, and N. Yunes Phys.Rev. D 89 (2014) 084067, Er-
ratum: Phys.Rev. D 90 (2014) 069902, Erratum: Phys.Rev. D 90 (2014) 069901.
19. T. Jacobson and Mattingly, Phys. Rev. D 64 (2001) 024028.
20. T. Jacobson, Proc. Sci., QG-PH2007 (2007) 020 [arXiv:0801.1547].
21. T. Jacobson, Phys. Rev. D 81 (2010) 101502(R).
22. A. Wang, On “No-go theorem for slowly rotating black holes in Horˇava-Lifshitz
gravity”, arXiv:1212.1040 [hep-th].
23. P. Berglund, J. Bhattacharyya and D. Mattingly, Phys. Rev. D 85 (2012) 124019.
24. C. Ding, A. Wang and X. Wang, Phys. Rev. D 92 (2015) 084055.
25. C. Ding, C. Liu, A. Wang and J. Jing, Phys. Rev. D 94 (2016) 124034.
26. K. Lin, O. Goldoni, M.F. da Silva, and A. Wang, Phys. Rev. D91 (2015) 024047.
27. K. Lin, E. Abdalla, R.-G. Cai, and A. Wang, Int. J. Mod. Phys. D 23 (2014)
1443004.
28. K. Lin, V. H. Satheeshkumar, and A. Wang, Phys. Rev. D 93 (2016) 124025.
29. K. Lin, F.-W. Shu, A. Wang, and Q. Wu, Phys. Rev. D 91 (2015) 044003.
30. F.-H. Ho, S.-J. Zhang, H-S. Liu, and A. Wang, Phys. Lett. B 782 (2018) 723.
31. J. D. Bekenstein, Phys. Rev. D 70 (2004) 083509; [Erratum: Phys. Rev.D 71
(2005) 069901].
32. T. G. Zlosnik, P. G. Ferreira, and G. D. Starkman, Phys. Rev.D 74 (2006)
044037.
33. T. G. Zlosnik, P. G. Ferreira, and G. D. Starkman, Phys. Rev. D 75 (2007)
044017.
34. L. Blanchet and S. Marsat, Phys. Rev. D 84 (2011) 044056.
35. M. Bonetti and E. Barausse, Phys. Rev. D 91 (2015) 084053.
36. A. B. Balakin and H. Dehnen, Phys. Lett. B 681 (2009) 113.
37. J. Latta and G. Leon, J. Cosmol. Astropart. Phys. 11(2016) 051 [arXiv:
1606.08586].
38. J. Bhattacharyya and D. Mattingly, Int. J. Mod. Phys. D 23 (2014) 1443005.
39. D. Garfinkle, T. Jacobson, Phys. Rev. Lett. 107 (2011) 191102.
January 11, 2019 1:32 WSPC/INSTRUCTION FILE cea˙v4
20 K. Lin, F.-H. Ho, and W.-L. Qian
40. D. Blas and S. Sibiryakov, Phys. Rev. D 84 (2011) 124043.
41. E. Barausse, T. Jacobson, and T. P. Sotiriou, Phys. Rev. D 83 (2011) 124043.
42. J. Bhattacharyya, A. Coates, M. Colombo, and T. P. Sotiriou, Phys. Rev. D 93
(2016) 064056 [arXiv:1512.04899].
43. J. Bhattacharyya, M. Colombo, and T. P. Sotiriou, Class. Quantum Grav. 33
(2016) 235003 [arXiv:1509.01558].
44. M. Tian, X. Wang, M. F. da Silva, and A. Wang, arXiv:1501.04134[gr-qc].
45. P. Horava, A. Mohd, C. M. Melby-Thompson, and P. Shawhan, Gen. Relativ.
Gravit. 46 (2014) 1720.
46. T. Sotiriou, I. Vega, and D. Vernieri, Phys. Rev. D 90 (2014) 044046.
47. C. Eling and Y. Oz, J. High Energy Phys. 11 (2014) 067.
48. M. Saravani, N. Afshordi, and R. B. Mann, Phys. Rev. D 89 (2014) 084029.
49. A. Mohd, arXiv:1309.0907[gr-qc].
50. B. Cropp, S. Liberati, and M. Visser, Classical Quantum Gravity 30 (2013)
125001.
51. S.A. Hartnoll, C.P. Herzog, G.T. Horowitz, Phys. Rev. Lett. 101 (2008) 031601.
52. S.A. Hartnoll, C.P. Herzog, G.T. Horowitz, J. High Energy Phys. 12 (2008) 015.
53. K. Lin, E. Abdalla, A. Wang, Int. J. Mod. Phys. D 24 (2015) 1550038.
54. K. Lin, J. de Oliveira, E. Abdalla, Phys. Rev. D 90 (2014) 124071.
55. K. Lin, E. Abdalla, Eur. Phys. J. C 74 (2014) 3144.
56. R. M. Wald, General Relativity, (University of Chicago Press, Chicago 60637,
1984) pp.299-308
